ABSTRACT. It is known that perturbations of black holes for which not all of the de ning parameters (i.e., mass, angular momentum and charge) are nonzero can be computed using Debye potentials,which are special functions of con uent Heun type. There is however no scheme for the corresponding solution of the perturbation problem for a massive charged rotating black hole. In this paper we discuss how this problem may be solved using the idea of a symmetry operator and an integral equation formulation. In addition we give a summary of the geometric features of the black hole spacetimes which account for some of their remarkable properties.
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1 Special functions and perturbations of massive rotating charged black holes
The behaviour of space times which describe the geometry of black holes when subject to perturbations is interesting from both the mathematical and physical point of view. Black holes are solutions of Einstein's eld equations which are completely characterised by three numbers that can be identi ed with mass, charge and angular momentum. The analysis of perturbations of black hole space times with some of their parameters zero can be found in the work of Chandrasekhar 1] , and Cohen and Kegeles 2] . One of the motivations for studying perturbations of space times is to obtain some idea of the stability of the space times subject to small changes in the geometry, i.e., the metric tensor. Another consideration is the scattering of small perturbing particles in the presence of the curved spacetime of a black hole.
The original observation that perturbations of black holes were amenable to explicit treatment goes back to Teukolsky 3] who demonstrated that the rst order perturbed part of the Weyl tensor (i.e., a combination of the curvature tensor, Ricci tensor and Ricci scalar) satis ed a second order linear partial di erential equation that was solvable by the method of separation of variables.
The subject of perturbations is also closely associated with the problem of solution of wave equations in a curved spacetime background. In fact, gravitational perturbations can be regarded as the equations for a spin 2 eld in the case of no charge. For the well known equations of Dirac and Maxwell, explicit solutions can be obtained in a black hole spacetime background 4]. In this article we discuss the nature of the perturbation problem for a charged rotating black hole,indicating the essential di erences with the previously known cases. This problem was initially studied by Chandrasekhar but has as yet not been comprehensively solved.
The most general in nitesmal distance or line element of a charged rotating black hole is given by the Kerr Newman black hole metric ds 2 = ( dr 2 + d 2 ) + (r 2 + a 2 ) sin 2 d 2 ? dt 2 + 2Mr (a sin 2 d ? dt) 2 (1) where = r + ia cos and = r 2 + a 2 + q 2 ? 2Mr.
This metric describes a charged rotating black hole of mass M, charge q and angular momentum J = aM. The associated vector potential for the electromagnetic eld has nonzero components A t = qr; A = ?aqr sin 2 .
The identi cation of these parameters in classical terms is achieved by considering the leading terms in the metric asymptotically, i.e., for large r. In order to make computation easier it is convenient to choose the coordinates t; r; ; as in (1) and also important to choose a tetrad of vectors (i.e., a moving frame of reference) located at each point. It is convenient to choose these vectors l; n; m and m in such a way that they constitute a null tetrad for which the only nonzero inner products are 
Here we have used the so called spin coe cents in the Penrose notation, viz. For each integer s the spectrum of eigenvalues s;n , n = 1; 2; 3 is discrete and countable. In the case of a charged black hole with no rotation the corresponding perturbation problem can be solved by similar means. In the work of Chandrasekhar 1] this problem is solved by a di erent method which is, however, equivalent to the Debye potential method. The advantage of zero rotation or angular momentum is that the angular dependence of the perturbations can be removed, since the equations are rotationally invariant. The main problem that remains in the perturbation theory of black holes is the so called Kerr Newman perturbation problem. This is the case in which the black hole has nonzero mass, angular momentum and charge. The formulation of the problem in terms of an analogue of Debye potential functions has been given by Torres del Castillo 8] . He showed the following. Very interesting is that the potential equations admit a nonobvious symmetry operator. This is a consequence of the following observations. Take a solution of the potential equations (8) 
s; n (r)R (2) s; n (r 0 ) 0s ; r>r 0 R (2) s; n (r)R (1) s; n (r 0 ) 0s ; r<r 0 for suitable radial Teukolsky functions R (1) and R (2) . To determine which functions are chosen we need to look at the asymptotic behaviour at both in nity and the event horizon. To do this it is convenient to introduce the radial variable r de ned by dr dr = r 2 + a 2 :
The choice of r is convenient since r ! 1 as r ! 1 and r ! ?1 as r ! r + (the boundary of the event horizon). A clue is provided in the study of free motion of a particle along a geodesic path in Kerr Newman space time. Indeed it is found that in addition to the obvious axial and time translation symmetry of the space time there is another constant of the motion that behaves like angular momentum. This crucial property of the Kerr Newman space time is related to the existence of a Killing Yano tensor. This is a skew symmetric tensor K which satis es the Killing Yano equations r ( K ) = 0; K ( ) = 0:
(15) Relative to our standard tetrad the only nonzero components are K ij m i m j = r; K ij l i n j = ia cos : An important consequence is that K = K K is a Killing tensor. This means that a constant of the geodesic motion can be constructed in the form C = K p p . The existence of this constant of the motion was determined by Carter in his original investigations 11] of the separability properties of electro vacuum space times. The presence of the Killing Yano tensor enables the separation constant to be characterised in an invariant way. Indeed in terms of the solution of (5) found by Cohen and Kegeles there is an operator characterisation of the separation constant in the form K r r h + B r h + C h = h :
The role of the Killing Yano tensor in solving wave equations corresponding to spin 1 and spin 1=2 is also crucial 4]. One of the interesting theoretical questions is exactly how the existence of a Killing Yano tensor determines many of the properties we have described.
